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1. Introduction

Let X be a Banach space over R or C. We write By for the closed unit ball and Sy for the unit sphere of X. The dual space
is denoted by X* and the Banach algebra of all continuous linear operators on X is denoted by B(X). For a linear subspace Y
of X we denote by # (X, Y) the set of all linear, continuous projections from X onto Y.
Definition 1.1. The numerical range of T € B(X) is defined by
W(T) = {x*(Tx) : x € Sx, X" € Sx+, x*(x) = 1}.
The numerical radius of T is then given by

v(T) = sup{|A| : L € W(T)}.

Clearly, v(-) is a semi-norm on B(X) and v(T) < ||T| forall T € B(X). The numerical index of X is defined by
nX) =inf{v(T) : T € Spx)}-

Equivalently, the numerical index n(X) is the greatest constant k > 0 such that k||T|| < v(T) forevery T € B(X).The concept
of numerical index was first introduced by Lumer [1] in 1968. Since then, much attention has been paid to this equivalence
constant between the numerical radius and the usual norm in the Banach algebra of all bounded linear operators of a Banach
space. It is known that 0 < n(X) < 1if X is a real space, and % < n(X) < 1if X is a complex space. Furthermore, n(X) > 0
ifand only if v(-) and || - || are equivalent norms. Calculation of the numerical index for some classical Banach spaces can be
found in [2,3]. For more recent results we refer the reader to [4-14]. In [15] it is shown that

n(p) = n(Ly[0, 1])
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for a fixed 1 < p < oo. In the same paper it is also established that n(£]") # O for finite m in the real case. In [6] the
numerical index of vector-valued function spaces is considered and a proofp of

n(Ly(p, X)) = limn(€,'(X))

is provided for a Banach space X and for 1 < p < oo. Furthermore, it was recently provenin [16] that n(L,(1t)) > Oforp # 2
and p any positive measure, in the real case. In this paper we obtain the above type of limit theorem for a class of Banach
spaces including vector valued £, or L, spaces. Our main result is an improvement of the limit theorem presented in [13]. The
study of numerical index of absolute sums of Banach spaces is given in [ 13], where under suitable conditions it is shown that
the numerical index of a sum is greater than or equal to the limsup of the numerical index of the summands (see Theorem
5.1 of [13]). In this paper, we show that the liminf of the numerical index of the summands is greater than or equal to the
numerical index of the sum if the Banach space satisfies a condition called the local characterization condition (LCC) or a
condition called the global characterization condition (GCC). We show that if a norm on X satisfies the local characterization
condition, then

n(X) = limn(X;,)
m
and
n(X) = limn(X;)
ses
where S is any directed, infinite set and X satisfies the global characterization condition. We also provide examples of spaces

where (LCC) or (GCC) is satisfied.

2. Main results
The following theorem, which is a direct consequence of ([ 14], Th. 2.5), plays a crucial role in our further investigations.

Theorem 2.1. Let X be a Banach space over R or C and let
H(X) = {(X, X*) € SX X Sx* :X*(X) = 1}

Denote by 71 the natural projection from IT(X) onto Sx defined by 7w1(x, x*) = x. Fixaset I' C IT(X) such that 7t1(I") is dense
in Sx. Then forany T € B(X),

v(T) = sup{|x"(Tx)| : (x,x*) € I'}.
Applying the above theorem one can prove the following.

Corollary 2.2. Let X be an infinite-dimensional Banach space and let Y C X be its linear subspace whose norm-closure is equal
to X. Define for L € £L(X),

vy (L) = sup{|x*Lx| : x* € Sx+,x € Sy, x"(y) = 1}. (2.1)
Then v(L) = vy (L).
Definition 2.3. Let X be a Banach space and X; C X; C --- C X be its subspaces such that X = U?:] Xm. Suppose for
any m € N there exists P, € P (Xmn+1, Xm) with ||Pp|| = 1. We say the norm on X, ||.||x satisfies the local characterization

condition (LCC) with respect to {Pn};_, if and only if for any m € N there exists D, a dense subset of S, ., such that for
any x € Dy, there exist x* € Sx;;+1 a norming functional for x in X5, ; and a constant b, (x) € Ry such that by, (x)x* |y isa

norming functional for P,x in X};.. (In fact, if P, (x) # 0, then by (X) = [P (X) ||/x* (P (X)).)

We start by investigating some consequences of (LCC).

Proposition 2.4. Let X be a Banach space satisfying (LCC) with respect to {Pp}o_;. For a fixedm € Nand L € £(Xy,), define a
sequence

win(L) = v(L), w1 (L) = V(Lo Pr), ..., Wi (L) = v(L o Quy),

where Qnj = P o -+ 0 Pyyj_q. (For j > 1 v(L o Qnj) denote the numerical radius of L o Q,,j with respect to Xpm4;.) Then
V() = wn(l) = wpy(D) forj=1,2,....

Proof. Since X, C X4 forany m € N, it is easy to see that wy,;(L) is an increasing sequence with respect to j, since
Wij(L) = sup{|x"L o Qm x| : x € Sx,,;, X" € Sx;lﬂ_, X'(x) =1}

< SUp{[X*LQm PmjX| : X € Sy jys X € Sxx LX) = 1} = Wiy (D).
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Now we prove that wy, = wp41. To do this for any x € D, selectx; € SX;;‘+1 satisfying the requirements of Definition 2.3.
Set

In = {(x,x}) € T(Xm4+1) : X € Dpy}.
Note that by Definition 2.3,
b (%) _ 1 -
IPmCONl X*(Pm(x))
Hence for any (x, x;) € I,

|X;'; oLoPpx| = |(X:)|Xm oLoPyx| < |(X:)|xm o Lo Pyx|

b (x)
(| P ||
) | < v).

Pnx
(| Prax]|

= |(bm(X)X}) |x,, L (

Notice that by Definition 2.3, r1(/3,) = Dy, and Dy, is dense in Sy, . By Theorem 2.1 applied to I3, and L o Py,
W1 (L) = v(L o Py) < v(L) = wir()
and thus wp (L) = w1 (L). Induction on j results in wy, (L) = wy(L). O
Proposition 2.5. Let P; € P (Xj.1, X;) with |Pj|| = 1. For a fixed m € N, define projections Qnj € P Xmj, Xm) as Qmj =
Py o Pm_H o--:0 Pm_H'_]. Then

llm Qm’j = Qm
j—oo

where Qp € P (X, Xm) With |Qp|l = 1and X = U;_, Xm-

Proof. Letx € Ufﬂ Xm, then there is a minimal index k such that x € Xj. Choose an index j; such that m 4 j, — 1 > k. Note
that Qpjx = Qm,j X for all j > ji. This follows from the very definition of

Qmj(X) = Quj, © P © -+ - 0 Ppyj—1) (%)
and the fact that Py, is a projection onto Xy, 1, —1 with Xy C X4, —1 implying
(P © Pmgjes1 -+ © Puyj—1) (X) = x.

Define the limit of the almost constant sequence {Qp, jX} as limj_, o Qp j(X) = Qm(x) forallx € U,O,,Ozl Xm. Since a continuous,
linear map defined on a dense subspace can be uniquely extended to the whole space, we can extend Q, uniquely to

X = U, Xp. It is clear that Q, € P (X, Xp) and | Qu[l =1. O
Proposition 2.6. Fora fixedm € Nand L € £L(X;;) we have
Wi (L) < V(Lo Qn)
for all j, where v(L o Q) denotes the numerical radius of L o Qn, with respect to X.
Proof. Since v(L o Qp) = sup{|x*L o QuX| : x € Sx, x* € Sx+, X*(x) = 1}, it is clear that
V(Lo Qn) > sup{|x*Lo Qux| : x € Sxm+j,x* € SX?EH’ x"(x) =1}
and that Qm(X) = Qm j+1(%) for any x € X4, implies v(L 0 Qm) > wpyi(L). O

Proposition 2.7. Let X satisfy (LCC) with respect to {Pm}o._;. Then forany m € Nand L € £(Xn),
V(L) = v(L o Qm),
where Q,, € £ (X, X,,) are defined in Proposition 2.5.

Proof. By Proposition 2.6, v(L) < v(LoQ;;). To prove the converse, we apply Corollary 2.2.LetY = Unole Xm. First we prove
that foranyj € N,

vy (Lo Qm) < wmyj(L) (2.2)
where vy is defined in Corollary 2.2. To do that fix € > 0. By the definition of vy there existj € N, x € 5, andx* € SX;H
with x*(x) = 1 such that

vy (Lo Qm) < [X*(LQm)X| + € < |x"(LQmj+1)x| + € < wmij(L) + €,
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which shows our claim. Note that by Proposition 2.4, wy4(L) = w,(L) = v(L) and by Corollary 2.2, vy (Lo Q;r) = v(Lo Qn),
which completes our proof. O

Proposition 2.8. Assume that || - ||x satisfies (LCC). Then for any m € N,
nXm) > nX).

Proof. Fixe > 0, m € Nand choose L € £(Xp,), |L|| = 1 such that n(X;;) + € > v(L). By (LCC) and Proposition 2.7,
v(L) = v(L o Qp).
Since ||Qn|| = 1, n(X;) 4+ € > n(X) for any € > 0. Hence n(X,,) > n(X), as required. O

Theorem 2.9. Let X and X,, and Py, be as in Definition 2.3. Then
n(X) = limn(Xy).
m

Proof. By Proposition 2.8, n(X;;) > n(X) for any m € N. Hence,
liminfn(X,) > n(X).
m

By Theorem 5.1 of [ 13], we already know that
n(X) > limsup n(Xy),
m

which proves the equality. O

Now we introduce another condition which permits us to prove an analogous result to Theorem 2.9 in a more general setting.

Definition 2.10. Let X be a Banach space and let {X;};cs be a family of subspaces of X such that X = | J,.s X;. Assume that
for any sy, s, € S there exists s3 € S such that X, U X, C X,;, i.e. the family {X};cs forms a directed set. Suppose for any
s € S there exists P; € £ (X, X;) with ||Ps] = 1. We say the norm on X, ||.||x satisfies the global characterization condition
(GCC) with respect to {P}scs if and only if for any s € S there exists D, a dense subset of Sy such that for any x € Ds there
exist x* € Sx+ a norming functional for x in X and a constant b,,(x) € R, such that bs(x)x* |y, is a norming functional for Psx
in X. (In fact, if Ps(x) # 0, then bs(x) = [|Ps(x)|| /x*(Ps(x)).)

Remark 2.11. Note that if S = Nand X; C X, fors,z € N, s < z then the global characterization condition (GCC) implies
the local characterization condition (LCC).

The above definition is motivated by the space X = £, with1 < p < 00, X = El(,m) and a sequence of projections {Pm}o_,
defined by

Prn(X1, . ooy Xmy Xma1s - -) = (X1, -, X, 0, .. 0.

(\x,-w*sgq(x,-»

For x # 0 and x € £,, the form of the norming functional is x* = -
Xllp

and clearly

_ (%P~ 'sgn(x;))
lIxl5~"

*|Xm wherei € {1,2,...,m}

and the norming functional for P;,x, (P,,x)* takes the form

(P sgn(x) Ix1p !

(Ppx)* = —_— where b, (x) = pa
| Pl (| Pl

The above (GCC) is also satisfied for norms of £1 and ¢y (with the same sequence {Py,};._,). Now we prove the following.
Theorem 2.12. Let X and X; and Ps be as in Definition 2.10. Then

n(X) = limn(X;).

Proof. By Theorem 5.1 of [13], we already know that
n(X) > limsup n(Xs).
N
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Now we prove that

liminfn(X;) > n(X).
N

Fixs € Sand L € £L(X;). We show that v(L) > v(L o Ps), where v(L) denotes the numerical radius of L with respect to X;
and v(L o P;) denotes the numerical radius of L o P; with respect to X. To do that, for any x € D; select x}; € Sy« satisfying
the requirements of Definition 2.10. Let

Iy ={(x,x;) € I(X) : x € Ds}.
Observe that forany s € S,
beo 1
IPsCOll x*(Ps(x))
Note that by Definition 2.10, for any (x, x}) € I5,
bs(x)
(I Psxl

X5 o Lo Pax| = [()]x, o Lo Pl < ")y, o Lo P

— (b)) L( Ps")|<v<L)
-SRI ey )

Notice that by Definition 2.10, 771 (/) = Ds and Ds is dense in Sx. By Theorem 2.1 applied to I's and L o Pg, v(L o P5) < v(L),
as required. Hence we immediately get that

nXs) = inf{v(L) : L € LX,), [IL]| = 1} > inflp(W) : L € LX), [W] = 1} = n(X).
Consequently lim inf; n(X;) > n(X) and finally limg n(X;) = n(X), as required. 0O
Now we present an example of a Banach space X satisfying condition (GCC) given in Definition 2.10.

Example 2.13. Let S be a directed and infinite set. Fix p € [1, 00). Let X? = (@5 Xs)p be the direct, generalized IP-sum of
Banach spaces (X;, ||.|Is)ses, defined as

ses

XP = :(Xs)ses i Xs € Xs, card(supp ((Xs)ses)) < R, and Z(”xs”s)p <X,

where supp ((xs)ses) = {s € X; : x; # 0}. Clearly, the norm x € XP is

1/p
lIxll = (Z(nxsns)")

seS

andincaseS = Nand X; = X foralli € N, XP = £,(X). Fix any finite set W C S. Next, we consider spaces Zy = @sew X;
and the projections

Py ((Xs)ses) = (Zs)ses,

where z; = x; fors € W and z; = 0 otherwise. Let F = {W C S : card(W) < oo}. Now we show that (GCC) is satisfied
for X, {Zw}wer and {Pw }wer. It is obvious that ||Py || = 1 for any finite subset W of S and p € [1, co). Now assume that
1 < p < o0o. To show that the characterization condition is satisfied for the norm on X, note that for any x € X? \ {0} there
exists a norming functional of the form

(el 0)

* seS
X = o1

(Z(nxsns)f’) '
seS

p—1
where x§ € X is a norming functional for x; € X;. Setting C = (3", (lIxs/ls)?) 7 ,tosee ||x*|| < 1,lety € X be an element
with ||y|| = 1, then

> (sl o |
) = = < 2 2 (Ul K o)l

¢ SeS
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Applying the Holder inequality with conjugate pairs p and q:

4 ;
1
|x*(y)|sc[<2 ||xs||§‘>] .[Znysnf] :
seS seS

Since ¢ = ;%5 and [yl = [ ses IyslIf]
because

S

= 1 we have |x*(y)| < 1.Itis easy to see that x* is a norming functional for x

1 i Ix|1”
KW =2 D Il W) = =1

Z P

Furthermore, if Py # 0, from

—1
(wa ”l;; X;i} ('))u)EW

(Pwx)* = =)
p
(£ it
weW
and writing x* |, we obtain that by (x) = ”Il‘:/”;‘;l,l .If p = 1then for any x € X' \ {0} there exists a norming functional of

the form (] (.))ses where x; € X" is a norming functional for x; € X;. It is easy to see that

(65 (Dsesll = sup lIx¢ |l
ses

Reasoning as in the previous case we get that (GCC) is satisfied forp = 1.

Now we present an example of a Banach space X satisfying the (LCC) given in Definition 2.3.

Example 2.14. Let forn € N (Yy, || - ||,) be a Banach space. Set X; = Y;and X;, = X;,—1 @ Y;,. Letforn € N, let p, € [1, 00).
Define anorm | - |; on X; by |x|; = ||x||; and anorm | - |, on X; by

|1, x2) 12 = (x5 + [ l15H) P,
where x; € Y; fori = 1, 2. Then having defined | - |, forx = (xq, ..., x,) € X, we can define | - |41 on X, by
(%, X 1) i1 = (X" 4 ([ 27 ) /20
Note that if x € X;;, and m > n, then |x|,, = |x|,. Let
F = {{yn} : yn € Yy and y, = 0 whenever n > m depending on {y,}}.
One can identify F with _J; ; Xy, thus enabling us to define for x € F, its norm as:
IxllF = Tim [x],
because for fixed x € F the sequence |x|, is constant from some point on by the above mentioned property. Notice that the

completion of F (we will denote it by X) is equal to the space of all sequences {x,} such that x, € X, and

lip |QuxllF = sup [|Qux|lF < +00,
n

where forn € Nand x = (xq, X2, ...)
Q) = X1,..., %, 0,...).

Indeed, let {x°} be a Cauchy sequence in X. Notice that by definition of || - ||¢, ||Qu|x]| = 1. Hence for any € > 0, there exists
N € Nsuch that foranys, k > Nandn € N,

Qu(x® — X |ln < €.

Consequently, for any n € N, Q,(x°) converges to some point in X,,. Hence foranyi € N (x°); — x; € Y;. Setx = (X1, X2, .. .).
Then, it is easy to see that x € X, since any Cauchy sequence is bounded and

1) lF = lim [|Qu ()l < sup X[l < +oo.
N

Moreover, for fixed € > 0, fors, k > N and any n € N,

k k
QX" =) lF < IIX¥ —x"|lF < €.
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Hence fixing k > N and taking limit over s we get for any n € N,

10" =) [IF <e,

and consequently ||x — x¥||x < € for k > N, which shows that {x*} converges to x € X. Hence X is a Banach space. Since for
any x € X, lim, ||Q,(X) — x|| = 0, F is a dense subset of X. Note that forany n € Namap P, : X, 1 — X, given by

Pp(xq, ..., Xny Xnt1) = (X1, ..., Xy, 0),

is a linear projection of norm one. By Definition 2.3 and the proof from Example 2.13, the (LCC) is satisfied for the norm on X.

Remark 2.15. If foranyn € N, Y, = Rand p, = p € [1,00) then the space X from Theorem 2.9 is equal to P. If
pn = p € [1, 00) for any n € N and the Banach spaces Y; are arbitrary then

X=Y1®,YV,Q,YV3®,--
IfY, =Y foranyn € N, then X = P(Y).
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